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Two-dimensional time-dependent calculations for a molecular model of finite exten-
sibility in the journal-bearing geometry are presented. The flow is considered to be in-
compressible and isothermal. The momentum conservation equation is integrated using
a time-marching procedure in which local ensembles of dumbhbells act as stress calcula-
tors. The calculations are based on the Calculation of non-Newtonian flows: finite
elements and stochastic simulation technique (CONNFFESSIT) and combine deter-
ministic (finite elements) and stochastic techniques to advance the velocity and stress
fields in time. The ability of CONNFFESSIT to treat models for which no closed-form
constitutive equation can be derived is illustrated by performing calculations using FENE
dumbbells. Significant differences in the stress field between the true FENE and the
linearized FENE-P are found, especially during the inception period. Steady-state kine-
matics are, however, identical within error bars for both FENE and FENE-P and for
the Newtonian fluid. The essential algorithm of 2-D CONNFFESSIT is detailed, as

well as experience gathered from its parallel and vector versions.

Introduction

Since it was first proposed (Ottinger and Laso, 1992) the
viability of the calculation of non-Newtonian flows: finite ele-
ments and stochastic simulation technique (CONNFFESSIT)
for the calculation of viscoelastic flows has been demon-
strated for one-dimensional (1-D) time-dependent (Laso and
Ottinger, 1993a,b) and two-dimensional (2-D) steady-state
flows (Feigl et al.,, 1994, 1995). The latter calculations were
performed in a contraction flow for the Oldroyd-B constitu-
tive equation by sending ensembles of Hookean dumbbells
along streamlines and averaging their contributions to the
stress in each element. Although this procedure leads to
correct results for steady-state calculations, it is not the
most direct way to perform a 2-D CONNFFESSIT calcula-
tion. This article presents a more natural method for 2-D
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time-dependent flows that closely resembles the flow of real
polymer molecules in solution or in the melt. The ability to
treat molecular models for which no closed-form constitutive
equation exists is demonstrated by performing calculations for
the finitely extensible nonlinear elastic (FENE) model.

Molecular Models and Constitutive Equation

The FENE model was first proposed for dumbbeils as an
attempt to improve the Hookean dumbbell by including finite
molecular extensibility (Warner, 1972; Bird et al., 1987).

A FENE fluid consists of a suspension of neutrally buoyant
noninteracting dumbbells in a Newtonian fluid. The restoring
force of the spring follows a nonlinear law and grows without
bound as the elongation approaches a critical value. At small
elongation, there is little deviation from the Hookean behav-
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ior; as the elongation approaches the maximum, the restoring
force grows without bound. Since real polymer molecules de-
viate from Gaussian behavior as their elongation approaches
the maximum chain extensibility (i.e., all-trans in a linear
alkane), the finite extensibility of the FENE model makes it
somewhat more realistic than the Hookean dumbbell.

The force law for the FENE model is given by

H
FC=—Q—. (1)

2
Qo

An analytically tractable dumbbell model can be obtained

by replacing the configuration-dependent nonlinear factor in

the FENE spring law by a self-consistently averaged term
(Peterlin, 1961, 1962):
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where the angle brackets imply an ensemble average value.
Still other approximations have been proposed, including
hydrodynamic interaction and nonconstant diffusion coeffi-
cient for the beads (Chilcott and Rallison, 1988; Ottinger,
1987, Wedgewood and C)ttinger, 1988; Wedgewood et al.,
1991). For a detailed evaluation of several FENE models, see
Herrchen and Ottinger (1996). In this work we limited our-
selves to the FENE and FENE-P models. These dumbbell
models can be characterized by three constants: the first, A =
{/4H, is a characteristic relaxation time, similar to the one

defined for Hookean dumbbells, and the second is the di-
mensionless finite extensibility parameter

F¢= )

HQ}?
kT’

which can be interpreted as the (dimensionless) maximum
elongation squared. Although from the mathematical point
of view the value of b could be chosen at will, it must remain
within a certain range if physical meaning is to be attached to
it. Typical values for vinyl polymers are in the range of 30 to
300 (Herrchen and Ottinger, 1996). The third constant «
specifies what fraction of the total viscosity of the polymer
solution at zero shear rate is due to the Newtonian solvent:

o
n+

2

Whereas the kinetic theory of some microscopic models for
polymer dynamics can be solved analytically to yield a macro-
scopic constitutive equation (CE), for the FENE fluid such
an expression can be found only for steady state and only up
to cubic terms in the velocity gradient (Bird et al., 1987).
Lacking a CE, traditional continuum-mechanical methods are
unable to calculate the behavior of a polymeric fluid de-

ts]cribed by a FENE model under general nonhomogeneous
Oow,

878
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The linearized FENE-P mode] leads to a closed-form ana-
lytical CE (Bird et al.,, 1987, Egs. 13.5-56) of considerable
complexity for numerical viscoelastic flow calculations. Al-
though it was used by Mochimaru to solve the startup of pla-
nar Couette flow (Mochimaru, 1983), it has only recently
started to be used in complex geometries (Purnode, 1996).
While the static behavior of the linear FENE-P model is fairly
close to that of the FENE, its dynamic behavior for the in-
ception of plane shear flow and simple elongational flow is
notably different (Herrchen and Ottinger, 1996; Laso and
Ottinger, 1993a). The rheological properties of FENE chains,
in comparison with various approximations, has been investi-
gated via BD simulation by van den Brule (1993).

Two-Dimensional CONNFFESSIT

As in most viscoelastic flow calculations, the objective of a
CONNFFESSIT calculation is to solve the equations of mass
and momentum conservation for an incompressible, isother-
mal non-Newtonian fluid:

(V-0)=0

Ju
P +[V-pw]+{V-w]=0,

where o is the total momentum-flux or total stress tensor
that can be split in the following way:

w=p&+rT.

This set of partial differential equations must be closed by a
third equation (the CE) relating = to the history of the flow.

In a CONNFFESSIT calculation, the fundamental diffi-
culty associated with kinetic models for which no closed-form
CE can be derived is bypassed, since all that is required is a
consistent microscopic model, even if its kinetic theory is ana-
lytically unsolvable. The contribution of the polymer to the
stress is obtained from a stochastic simulation of a suitable
molecular model (elastic or rigid dumbbells, bead-spring-rod
chains, reptation models, etc.).

These molecules act as stress computers that can be used
in a standard method based on a discretization of the domain
like finite elements: all molecules located in a given element
(or subelement) contribute to the stress of that element (see
Eqgs. 18 and 19 below). Molecules are entrained by the
macroscopic flow of the fluid, much as happens in real poly-
mer solutions or melts. In the simplest case, the centers of
mass of the molecules follow streamlines, that is, in our 2-D
calculations for FENE or FENE-P, the components of the
position vector of the center of mass of a given dumbbell
obey the equations:

& (

L t,x,y) 3)
dy

Z=Uy(t,X,y)- 4)

The dynamics of the internal degrees of freedom of the
dumbbell are described by stochastic differential equations
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which can be derived from the diffusion equation in configu-
ration space or can be postulated on physical grounds. A de-
scription of the correspondence between Fokker-Planck
equations and stochastic differential equations can be found
in Ottinger (1996). For elastic dumbbells in the absence of
external forces, the diffusion equation in configuration space
can be written as (Bird et al., 1987):

W 2( 9
= zl5g )

d 2kT{ o ¢
(sgteom) = {557)

This equation is formally a Fokker-Planck equation (Risken,
1989) that has its counterpart in a stochastic differential
equation (SDE), which for the force law of Eq. 1 has the

form
H () 4kT
———— ydt+y/ — dw, )
Q) V ¢

2
d@={[x-Q]—-—
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where w is a 3-D Wiener process, and similarly for Eq. 2.
Equation 5 can be made dimensionless by dividing by
VkT/H and using the definition of A:

1
dQ =[x Q-

And similarly for the FENE-P fluid, that is, force law given
by Eq. 2:

1 1
dQ = |[x-Q)-— ————— dt+\/—-;dw. %)

2A Q%)
==

These SDEs fully describe the dynamics of the polymer
molecules and give a physical interpretation of the mecha-
nisms intervening: the first term in the parenthesis cor-
responds to the deterministic efiect of the underlying macro-
scopic flow of the solvent, which tends to rotate and extend
the dumbbell; the second term represents the restoring force
of the spring; and the last term corresponds to the Brownian
agitation to which the dumbbells are subjected due to bom-
bardment by solvent molecules.

Equations 6 (for FENE) and 7 (for FENE-P) contain all
the dynamic information required to perform the stochastic
calculation for a given starting configurational distribution;
for example, at equilibrium (x = 0), the distribution of the
connector vector (' for FENE dumbbells is
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for (Q')? < b, and 0 otherwise.
For FENE-P dumbbells at equilibrium,

1
(@)= (—EQ“U“-Q'), ©

em det(o)] 2 T

where the covariance matrix,

- &,
713

In the second step of CONNFFESSIT, the contribution of
the polymer molecules to the stress tensor for a given ensem-
ble of dumbbells is evaluated using Kramer’s form for the
polymer contribution to the stress in terms of the normalized
connector vector:

= — nkT —Q—ET -5| FENE)  (10)
Y
5, = — nkT %%——6 (FENEP).  (11)
1~
b

In a CONNFFESSIT calculation, Egs. 6, 7, 10 and 11 are
valid for the local ensembles (of size N’ ) in each element ;.
Assuming the fluid to be initially at rest, the ensembles are
initialized by distributing the total number of dumbbells in
the global ensemble (N,) over all elements with a uniform
density of dumbbells, the configurations (Q'), which are drawn
from the corresponding equilibrium distributions, Eqs. 8 for
FENE, and 9 for FENE-P. The initial conditions define the
velocity field (possibly zero everywhere), and therefore the
velocity gradient at ¢ = 0, both of which are used to advance
the position of the centers of mass and of the internal de-
grees of freedom of the dumbbells by a small time interval
(the first step At; = ¢, — ¢, in a partition of time into intervals
[t;,t;, 1), where t; <t;,,,i=0,1, 2, ...). After this step, the
stress in each element (or in a suitable subelement) is com-
puted using Eqgs. 10 and 11 and used as a constant term or
body force in the integration of the equation of momentum:

v T
v + p(v- Vv —29V-(Vo + (Vo))

+(=2DV(V-0)=-V-77, (12)

where the contribution to the stress of the Newtonian sus-
pending fluid has been written explicitly. Additionally, the in-
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compressibility condition has been replaced with the penalty
equation:

p=-2(V-p),

where Z is a large penalty parameter (typically 10%). The fluid
is thus treated as being slightly compressible. This is a popu-
lar method for solving incompressible fltuid problems since it
eliminates not only the incompressibility condition but also
pressure as an unknown.

In the present work, the three types of integrations re-
quired in a 2-D CONNFFESSIT calculation were performed
in the following way:

1. Integration of the trajectories of the centers of mass of
the dumbbells.

Except in a few special cases (Ottinger, 1992), most exist-
ing models for polymer dynamics assume that the center of
mass of a dumbbell follows streamlines. This is the case for
both the FENE and the FENE-P models. Since the velocity
field is known at all times, determining dumbbell paths is a
straightforward problem. We have integrated the trajectories
of the centers of mass of the dumbbells using an explicit
first-order Euler method:

xzj+1=x{+ux(xi'i’)'i}"ti)Ati 13

vy =yl +u,(xl ¥l 1A, (14

while in planar flow the z-component is ignored. Higher-order
algorithms were not required for sufficiently accurate inte-
gration in the smooth geometry of the journal bearing for the
time steps used.

A close correspondence exists between the integration of
dumbbell paths and the tracking of upstream trajectories
in traditional viscoelastic flow calculations with integral con-
stitutive equations (Luo and Tanner, 1986; Malkus and
Bernstein, 1984; Virirayuthakorn and Caswell, 1980). In
CONNFFESSIT, particle tracking closely mimics the flow of
real polymer molecules. Determination of transit times
through elements and integration over flow histories are car-
ried out automatically by the flowing dumbbells: all required
information about the history of the flow is contained in their
instantaneous configurations.

2. Integration of the internal degrees of freedom of the
dumbbells.

Integration of Eq. 6 (FENE) was performed using the fol-
lowing semi-implicit second-order algorithm (Ottinger, 1996),
in which the spring-force law is treated explicitly in the pre-
dictor step and implicitly in the corrector step:

. _ , 1 0(t)
0, )=0")+kt)-Q'(t)~ — —————
SR

b
Ar,
+ TW’} (15)

Q’j (t;, ) is subsequently corrected by
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b

Q7(t;. )

. 1 _. .
=07 (1) + D) )t )07, )+ k(2)-Q7(1)

1 (1) Ar
——— At,.+\/ — W/, (16)
2A CAD) A
b

where the same random numbers W/ occur in Eq. 15 and Eq.
16. The direction of @'(z;, ) is given by the direction of the
righthand side of Eq. 16, and its length can be determined
from a cubic equation which, for arbitrary length of the vec-
tor on the righthand side of Eq. 16, has a single root between
0 and vb.

This predictor—corrector scheme requires the velocity gra-
dient at ¢; ; to be known at ¢,. This is the case in the simula-
tion of rheological homogeneous flows, but not in viscoelastic
flow calculations in complex geometries. In a naive applica-
tion of the PC scheme, Eq. 15 would be evaluated first, fol-
lowed by an integration step of the equation of motion (in
order to obtain x(z;, ), by the corrector step Eq. 16 and by
a repetition of the integration step of the equation of motion.
This procedure is, however, not satisfactory since the pre-
dicted value of (Q(t;,,))* may be unphysically large (> b)
for some j. Furthermore, it requires the storage of 3N, ran-
dom deviates (which is a very large number) between the
evaluation of Eq. 15 and Eq. 16, since W/ must be the same
for the predictor and the corrector steps. A proper way of
applying the previous PC scheme in a CONNFFESSIT calcu-
lation is to approximate x(t,, ) in Eq. 16, for example, by a
backwards difference formula:

K(t,)" K(ti—l) At
At, ‘

w(t, ) =wx(t)+ k(DA = K(t,»)+(
i~1
and then to apply Egs. 15 and 16 in succession for each
dumbbell without intermediate updates of the velocity field.
FENE-P dynamics (Eq. 7) were integrated using an explicit
Euler scheme:

Q. )= [x(t,)-Q’j(ti)]

1 (e, Af
- 1Q (t) Ar+ /TtW,—’, an
. 1k ) 2
1 BN ;(Q ) )

where the index k runs over the indices of the dumbbells
belonging to the jth element (jth local ensemble).
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3. Integration of the momentum conservation equation.

The integration of Eq. 12 was performed by a standard
semi-implicit time-marching finite-element technique. In the
present work, bilinear, quadrilateral finite elements were used
so that the velocity was continuous across two quadrilateral
elements. Quadrilaterals were split in two triangles within
which the stress was constant, the value of the stress being
assigned to the central Gaussian integration point. Although
this finite element does not satisfy the inf-sup stability condi-
tion and is known to produce spurious checkerboard effects
in the pressure (Pironneau, 1989), it is widely used because of
its simplicity and because the velocity field (in which we are
mainly interested) can be obtained accurately and is not sub-
ject to artifacts. The resulting system of equations was solved
by a direct method.

The experience gained up to now seems to indicate that
even simpler ¢lements (like simple continuous linear triangu-
lar finite elements) may be more computationally advanta-
geous, although this equation deserves systematic quantita-
tive evaluation.

Time marching was performed by means of a scheme im-
plicit in the velocity and explicit in the polymer contribution
to the stress, that is, the polymer contribution to the stress
was treated as a righthand-side constant at each step. This
stress is computed with regard to an element (or possibly a
subelement) as a local ensemble average. For the FENE
model:

. 1 ke YO R (1.
7)(t) = nkT| — EQ—M — & | (FENE)
Noe L% (@%1)
- =
(18)
and for the FENE-P model:
N ZQ,k(ti)Q,k(ti)
(1) =nkT| | —— - |- 8| (FENE-P),
- vk )
1 bN{;,c§(Q )
(19)

where the counter k& runs over the indices of all dumbbells
belonging to the jth element (jth local ensemble).

The schemes just presented allow us to advance the micro-
scopic stochastic simulations, the dumbbell paths, and the
macroscopic conservation equations by one time step. The
partition of time used to advance Eq. 12 needs not be the
same as the one used for the integration of Eq. 6 and for the
evaluation of the stresses (Ottinger and Laso, 1994). How-
ever, in the present work we have used the same constant
time steps for all three.

Particle Tracking and Velocity-Biased Neighbor
Lists

The evaluation of Eqs. 13 through 16 and of 18 (for the
FENE fluid) requires the knowledge of the index of the ele-
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ment in which each dumbbell is located at every time step.
Since dumbbells are entrained by the macroscopic flow, in
the course of a simulation they move across elements accord-
ing to the instantaneous velocity field. After each time step, a
number of molecules will have left the elements they were
located in (“lost” particles). Hence the need to perform parti-
cle (dumbbell) tracking or relocation at each step in two-
dimensional CONNFFESSIT calculations. Particle tracking
involves testing whether a dumbbell k is located in an ele-
ment j and repeating this for all dumbbells. The majority of
dumbbells will still be located in the same element. Lost par-
ticles must be relocated.

However, given the large numbers of dumbbells N, =
0(10°-107) and elements N,; = 0(10°-10%), a brute-force
search of O(N,N,;) at each time step is out of the question.
Since the characteristic size (length) of an element is much
larger than the typical displacement of a dumbbell in a single
time step, the dumbbells that leave an element at a given
time step are almost always to be found either in nearest or
in second-nearest neighbors. The task of locating all dumb-
bells after every time step is greatly simplified if neighbor
lists are generated. Particle neighbor lists are a device widely
used in molecular dynamics simulations of complex fluids to
speed up the calculation of interactions (Allen and Tildesley,
1987). The same idea can be applied to generate element
neighbor lists (ENL). An ENL contains, for each element in
the mesh, the indices of the elements that share at least one
vertex (first neighbors) with the cell under consideration.
Second neighbors of a given cell share at least one vertex
with its first neighbors and are themselves not first neighbors.
The use of an ENL makes it unnecessary to check all ele-
ments in the mesh and allows a reduction of the complexity
of the localization of dumbbells from O(N, N,;) to O(N,).

Since the velocity field is known at each step, the search
can be further sped up by ordering the elements in the ENL
so that those located downstream of the given cell are
searched first. The natural way of implementing such a veloc-
ity-biased ENL is to sort the lists of first and second neigh-
bors in order of increasing absolute value of the angle formed
between the velocity vector at a characteristic point of the
central cell (e.g., the centroid) and the vector joining the cen-
troid of the central cell with the centroid of a neighboring
cell (angle 9 in Figure 1). Thus, for deterministic dumbbell
trajectories, all dumbbells that have left an element will nec-
essarily be found in downstream elements; in practice, locat-
ing a dumbbell seldom involves searching more than the first
three elements of the velocity-biased ENL. A new sorting of
first and second neighbors needs to be done only if major
changes in the velocity field have taken place since the list
was last sorted. In the present calculations, because of the
very small radial component of the velocity, the initial sorting
was in all cases sufficient for the whole length of the calcula-
tion. The use of a velocity-biased ENL resulted in an average
reduction by a factor of 6.7 in the effort required to relocate
the dumbbells with respect to a nonbiased ENL.

In spite of the speed-up afforded by a velocity-biased ENL,
it is crucial that the actual decision of whether a dumbbell is
located within an element or not be done efficiently since it
must be repeated a very large number of times in the course
of a simulation. In the present work, the following point-
inclusion algorithm was used:
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centroid-to-centroid vectors

m first neighbours
l:l second neighbours

Figure 1. Velocity-biased element neighbor list (ENL).

Numbers in circles indicate the searching order in a velocity
biased ENL.

Initialization (before starting the time iteration):

e For each element k, determine the coordinates of some
arbitrary interior point, for example, its centroid (X%, Y,*).

e For each side of the element, determine and store the
coefficients a*/ of the Cartesian equations of the jth side
fX(a%, x,y) =0, where j=1, Ny, and i =1, N - These
equations are in most cases polynomials of degree one.

e Evaluate sign(f*/(a¥, X*, X¥)) and store it for each of
the sides of each element.

During the time iteration, in order to determine whether
the /th dumbbell of coordinates (x’, y*) is located within the
kth element, it is sufficient to evaluate sign(f*/(a%/, x’, y"));
the dumbbell is within element k& if and only if
sign(f*(a¥, x',y")) and sign(f*(a¥, X¥, X¥)) are the same
for all sides of the kth element, that is, for all j.

This sequence of steps corresponds to determining whether
the dumbbell in question lies on the same half-plane defined
by each of the sides of the element as a known interior point,
in this case the centroid.

Once the coefficients of the equations defining the sides
are known (the computation of which amounts to a negligible
overhead during initialization), point-inclusion in a polygonal
element can be determined with at most N4, multiplica-
tions, additions, and Boolean operations per dumbbell.

Basic Data Structure, Parallelization, and
Vectorization

One of the most salient features of CONNFFESSIT calcu-
lations is the presence of stochastic noise in the stresses, the
strength of which decreases only with the square root of the
size of the ensemble. Since the noise in the stresses results in
noisy velocities, usefully accurate solutions require the use of
large ensembles. Hence the need to device efficient data
structures that allow the exploitation of advanced computer
architectures, vector, parailel or, ideally, both.

A little thought reveals the ease with which CONNFFES-
SIT calculations can be parallelized: since all manipulations
at the molecule level (integration of internal and external de-
grees of freedom, relocation) and the evaluation of the stress
are very local issues (they require information at the element
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level only), it is natural to split these calculations among sev-
eral processors so that each deals with a group of elements
chosen in such a way that the number of molecules per proc-
essor (node) is roughly equal; for an initially uniform spatial
coverage of the domain by dumbbells, this is tantamount to
splitting the domain such that all processors receive an equal
share of the area or volume of the domain. Since the fluid is
incompressible, the number of molecules per element re-
mains essentially constant, except for smail fluctuations.
Therefore, the partitioning of elements over processors can
be done at the very beginning of the calculation and does not
have to be redone again. In this sense, the molecular or mi-
croscopic part of CONNFFESSIT can be said to belong to
the class of embarrassingly parallel problems. Furthermore,
this part of CONNFFESSIT scales well over a wide range of
number of available processors.

As far as parallelization of the macroscopic part of CON-
NFFESSIT (the finite-element calculation) is concerned, the
task is unfortunately not so simple, although great progress is
being made currently (see, for example, Zone et al., 1994).

Both parts are, however, independent in the sense that the
overall calculation involves performing all molecular or mi-
croscopic calculations in order to get 77, and then using 77
in order to solve the macroscopic equations of conservation.
Micro- and macrocalculations are performed strictly in alter-
nation and do not interfere with each other. Communication
between the two levels is achieved via the velocity field and
the stress field as shown in Figure 2. Therefore, paralleliza-
tion at one level is independent of parallelization at the other.
Ideally, both micro- (stochastic) and macro- (finite-element)
calculations should be parallelized.

Define initial and boundary
conditions

L]

generate mesh j

Y

generate initial
molecule ensemble

]
— 1

using current

velocity field

advance molecular |- ---
(micro)

A simulation

macro — micro
interface
via v

in mes|
Y
ensemble average
(e.g. for the stress tensor)

Y
locate molecules I

advance velocity field :
(use computed stresses TRICTO —> MACTo
P! - interface
as body forces in the momentum viat®
conservation equation) =
|

iterate until
desired time or
steady-state

Figure 2. Basic time-marching scheme in CONNFFES-
SIT.
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The most natural parallelization strategy in CONNFFES-
SIT is the element direction, rather than the molecule direc-
tion because

e It seems to make physically more sense to assign one or
more elements and the particle residing in them to a given
node because all molecules in a given element share the same
macro information (e.g., velocity and velocity gradient).

e Ensemble averaging will aimost always be performed with
regard to an element; therefore the convenience of keeping
together all members of the local ensembles.

However, unless special data structures are used, physi-
cally neighboring particles will in general not be neighbors in
the arrays that contain their coordinates, indices, and so forth.
Furthermore, relocation of particles after a time step or after
a reenmeshment requires intensive interelement communica-
tion. These issues are of capital importance not only for
parallelization but for vectorization as well.

Independent of the details of the molecular (stochastic)
simulation, the information pertaining to individual molecules
of the global ensemble (or at least pointers to that informa-
tion) must be kept in a suitable kind of linear array. The
organization of this indexing array has far-reaching conse-
quences on computational efficiency and as already men-
tioned on vectorization and parallelization.

In this work an array sorted with regard to the elements
was used to hold pointers to the individual dumbbells. In
CONNFEFESSIT, molecules are entrained by the macroscopic
flow, and therefore cross boundaries between and move
through a succession of elements. As a consequence, the la-
bels or indices of the particles residing in a given element
(the members of the local ensemble) change with time. This
circumstance makes physically contiguous particles noncon-
tiguous in the linear array containing them.

The objective of constructing an array sorted with regard
to the elements is to provide indirect indexing capability,
which can be used to bypass the noncontiguity problem.

It is essential for efficient vectorization to have physically
neighboring molecules (i.e., molecules in the same element)
placed in neighboring positions in memory. While it would be
possible to initialize the positions of particles so as to ensure
contiguity at the start of a calculation, the macroscopic flow
would render this initial order useless at every time step. It
is, however, possible to create an array sorted according to
the elements that holds the indices of the particles contained
in each element plus two pointer arrays that mark the start
and the end of the sequence of particle indices for each
element within the sorted array. The indirect addressing
capability offered by the indexing array and the information
contained in the pointer arrays act de facto as an interface
that makes the particles appear as if they actually were con-
tiguous. Fully vectorized loops over all particles in a given
element are then possible, the start and end of these loops
being determined by the pointer arrays. In average CON-
NFFESSIT calculations, the length of these loops is consider-
ably larger than typical vector pipe lengths, thus leading to
high performance.

The crucial part of this procedure is that it relies on sort-
ing for restoring contiguity. Particle index sorting using the
binary radix sort has optimal O(N, log N,) complexity. Be-
sides, indirect addressing is fully supported (and in some cases
hardware-executed) by all vector computers. Thus, the com-
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putational overhead associated with reordering the particle
at each time step is perfectly acceptable. Since it is itself vec-
torizable and allows all other operations at the molecule level
to be fully vectorized, the effort spent in reindexing pays back
amply. A typical sustained performance on a single Cray
Y-MP processor is approximately 65% of peak with an aver-
age vector length of 97.2% of the hardware vector length.
The vectorized performance on this particular processor is on
average 13 times higher than on a scalar MIPS R4400 at 200
MHz.

Since stochastic simulations are at the heart of the Monte
Carlo method for sampling distributions, these resuits dis-
prove the widespread opinion that it is impractical to vector-
ize Monte Carlo methods.

In all calculations, random numbers were generated using
Marsaglia and Zaman’s “subtract-with-borrow” algorithm
(Park and Miller, 1988). For the parallel computations, the
same generator was used to produce N, seeds on the front-
end host, one for each computational element, in the follow-
ing way: first, a set of 106(Np —1)+1 random numbers were
generated, and N, of them were chosen equally spaced along
this succession. Each of these N, numbers were then shuf-
fled according to the algorithm of Bays and Durham as
described in Knuth (1981) and distributed over the computa-
tional nodes to be used as seeds. The same algorithm was
used for vector computations: in order to obtain high
performance, a number of independent copies equal to the
vector length of the hardware being run simultaneously. Sus-
tained performance of this vectorized version on one
processor of the NEC SX-3 was approximately 53X 10’
uniform random deviates per CPU second. For the runs
reported in the following sections, 0(10'®) random numbers
had to be generated.

Journal Bearing

The journal bearing has been the subject of numerous in-
vestigations, analytical, numerical, and experimental (Ballal
and Rivlin, 1976; Beris et al., 1983, 1984, 1986, 1987; Bur-
dette, 1989; Davies and Walters, 1973; Fix and Paslay, 1967;
Lawler et al, 1986; Phan-Thien and Tanner, 1981; Ra-
jagopalan, 1992; Reiner et al., 1969; Rivlin, 1979; Roberts and
Walters, 1992; Sommerfeld, 1904; Tanner, 1963; Yeh et al.,
1984). It consists of two nested cylinders of infinite length,
the axes of which are parallel and separated by a distance ¢
(Figure 3). The integration domain ) is the set of points
interior to the outer cylinder and exterior to the inner cylin-
der. The geometry of the cylinders is specified by two dimen-
sionless parameters: the dimensionless eccentricity

which are written in terms of the average gap between the
cylinders. Varying the eccentricity between zero and unity,
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Figure 3. Geomeiry of journal bearing.

the flow field can be deformed from a simple shearing mo-
tion to a flow with separation. Also, the motion is nearly ho-
mogeneous shear flow when the gap parameter p is small
and € =0.

The position of a point within the domain is specified ei-
ther by its Cartesian coordinates (x, y), its polar coordinates
(r, 9), or its normalized radial coordinate and its azimuthal
angle (&,0):

r—R,;

1

T (R,=R)Il-ecos(®)]

£

The elasticity of the flow is characterized by the Weissenberg
number:

AwR;
R,—-R;’

i

Ws=

4

As a typical unsteady flow, we have studied the startup
problem: both cylinders and the fluid are at rest for £ <0 and
the inner cylinder starts rotating with a constant angular ve-
locity @ at ¢t =0, while the outer cylinder remains stationary.
We further impose no-slip boundary conditions at both cylin-
ders, that is,

v(x, =0 V(x,yx,»)eQ at =0 0
vix,y)=0  at £=1,¥6 and >0 (21
v(x,y)=—R,w8, at E=0,Y9 and ¢>0. (22)

In order to test convergence and stability with respect to
mesh refining, four increasingly finer meshes were used (the
number of nodes and elements are given in Table 1). Due to
the low eccentricity and gap used in most calculations, the
aspect ratio of the elements was quite unfavorable, although
it improved for the finer meshes. Reduced accuracy in finite-
element calculations is known to be a side effect of in-
adequate clement shape. This effect was well below the
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Table 1. Meshes Used for the Journal-Bearing Computations

Elements in Elements

No. of No. of Azimuthal in Radial

Mesh Nodes Elements Direction Direction
M1 220 200 20 10
M2 476 448 28 16
M3 840 800 40 20
M4 1,680 1,600 80 20

statistical noise inherent in the CONNFFESSIT calculations
presented here.

Except where explicitly indicated, the tangential velocity of
the inner cylinder, the zero-shear-rate viscosity of the fluid
and the (dimensional) gap had the following values in all cal-
culations:

Row=1

ns+n£=l R,—R;=1.

Calculations at Zero Eccentricity

As a first step in the assessment of the suitability of CON-
NFFESSIT in 2-D calculations, several calculations were per-
formed at zero eccentricity:

1. For the Oldroyd-B fluid constitutive equation:

T+ M7y =~ molvay + A2 Y2y

where

s

A= 7, + nkTA, A= ey

and the fluid viscosity at zero shear rate #° is composed of a
Newtonian part 7, = an” and a polymer contribution 1;1? =(Q1
— a)n® =nkT], it is possible to obtain an exact solution to
the startup problem at zero eccentricity and arbitrary gap by
numerically inverting the following Laplace transform with
respect to s:

Lw.(r,1)= 1 J,GrTGR) - J,(3r)Ty(GR,)
ot S\ HGR T GRY = T GR ITLGR)

s
_ sp(l+ Ays)
§=q/ 177
1o(1+ Ays)
and J, and T, are Bessel functions of the first and second
kind.

The same axisymmetric (1-D) problem with initial and
boundary conditions Egs. 20~22 was then solved with the full
2-D CONNFFESSIT using Hookean dumbbells (b - in
Egs. 6 and 10) as the microscopic counterpart of the Ol-
droyd-B constitutive equation (Laso and Ottinger, 1993). Fig-
ure 4 shows the exact and CONNFFESSIT azimuthal velocity
profiles. The level of stochastic noise for a single azimuthal
velocity profile is indicated by the error bar on the curve for
t =0.1. The CONNFFESSIT curve corresponds to an aver-
age of the radial profiles at the 80 azimuthal angles, which

)

where
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Figure 4. Startup of concentric journal-bearing flow for
Oldroyd-B.

Solid line: exact solution (numerical inversion of Eq. 23);
dashed line: 2-D CONNFFESSIT calculation. Mesh M4, R;
=2, A= 0.1, nkT/p =80, @ =1/9, N, =2'° dumbbells, At
=10"%.

must be identical by symmetry, thereby reducing thé error
bars by a factor of almost 9. The agreement between the ana-
lytical solution and CONNFFESSIT is very satisfactory.

2. FENE

Since there exist no analytical solutions for the flow of a
FENE fluid in the journal bearing and traditional computa-
tional methods cannot provide a reference solution, it is then
necessary to verify the correctness of the CONNFFESSIT
calculation by indirect means.

Taking as a basis CONNFFESSIT calculations for startup
of 1-D Couette flow for the FENE fluid (Laso and Ottinger,
1993), we calculated the startup of journal-bearing flow at
zero eccentricity and p = 0.1. The small value of the dimen-
sionless gap and therefore of the curvature implies that the
solutions for the 1-D and the axisymmetric case must be al-
most identical.

In addition to the 1-D (planar) and 2-D CONNFFESSIT
calculations, the same problem was solved using CON-
NFFESSIT in cylindrical coordinates in a manner very simi-
lar to 1-D CONNFFESSIT (Laso and Ottinger, 1993), except
that the equation of momentum is

d 1(a
— Uy = ——>1 —TrT, y
Pate™ 2l g T

and the simulation of the dumbbells is now performed in
cylindrical coordinates; the rotation of the frame of reference
of the simulation must therefore be taken into account in the
FENE dynamics, which contains an extra term with respect
to Eq. 6:

v|0 -1 0 1 o
a0 =l @1+ |1 0 0lg-p—
0 0 0
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Figure 5. Azimuthal velocity profiles at t=1.4 and 2.5
for startup of shear flow of FENE fluid.

Computed as a 1-D problem (plane Couette flow), as an ax-
isymmetric problem and as a 2-D problem (pn=0.1, 6 =0,
b=150, A=10, a =0.1, p=1; 20 equally spaced elements
and Ny =4Xx 10* for one-dimensional and axisymmetric
cases, mesh M4 and Ny =2Xx 10% for the 2-D calculation).

where  is the velocity gradient in cylindrical coordinates
and @' is a column vector. The additional term is necessary
because for the rigid-body rotation with angular velocity o,
the cylindrical coordinates of the connector vector ¢’ must
remain constant and k is of the form

av
0 — 0
ar
v,
_® 0 0
;
0 0 0

Figure 5 displays profiles of azimuthal velocity for the
planar (1-D), the axisymmetric, and the 2-D (at 6 =0)
CONNFEFESSIT calculations for meshes of the same radial
resolution. The error bar for ¢ = 2.4 indicates the size of the
fluctuations in the 2-D CONNFFESSIT calculation. Within
statistical error, the 2-D calculation faithfully reproduces the
planar and axisymmetric results. The effect of the small but
finite curvature is reflected in the very slight deviation be-
tween the curves for planar and axisymmetric geometries.
Figure 5 shows a 2-D velocity profile at a single azimuthal
angle. The 2-D velocity profile has been obtained again by
averaging the radial profiles at the 80 azimuthal angles.

At larger dimensionless gaps ( i = 0.5), the planar case is
no longer a good approximation to the axisymmetric case, as
can be seen in Figure 6. The deviation between planar and
axisymmetric cases is much greater than for u = 0.1. The ax-
isymmetric and the full 2-D calculations, however, show as
good an agreement as for lower values of the dimensionless

gap.

FENE and FENE-P Calculations at Low Eccentricity

Two-dimensional flow calculations for the FENE fluid in
the journal-bearing geometry were performed at the same
values of eccentricity (e =0.1) and gap (= 0.1) as used by
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Figure 6. Same as Figure 5, but for dimensionless gap
pn=0.5.

Beris et al. (1984) and at A = 3. For this choice of parameters
Ws was numerically equal to A. The finest mesh M4 and a
global ensemble of N, = 2!° dumbbells were used in all cases.
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Figure 7. Radial profiles of azimuthal (a) and of radial
(b) velocities for FENE and FENE-P fluids at
6=0 for A=3, N,=2x10°% b=50, a=0.1,
p=1, mesh M4, At=0.01; (c) radial velocities
for FENE and FENE-P at t=2.5.
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The remaining parameters were set to b =350, a =0.1, p=1.
All integrations were performed with a constant time step of
Ar=0.01, this value being chosen to render the round-off
error of the finite-element calculation negligible in compari-
son with stochastic noise.

Initial and boundary conditions were Egs. 20 and 21 and
v(0,8) = — 8§, at the inner cylinder. Integration was contin-
ued up to 3A.

Radial profiles of radial and azimuthal velocities are pre-
sented in Figure 7 (at #=0) and Figure 8 (at 6 = 7). Az-
imuthal velocity profiles are displayed in Figure 9. The 2-D
CONNFFESSIT calculation can deliver detailed dynamic
information on the evolution of the velocity field and, after
sufficiently long integration, the steady-state solution. The
velocity profiles contain statistical noise, which for this par-
ticular global ensemble size is of an acceptable level for the
azimuthal velocities (typically, the standard deviation in the
azimuthal velocity is o//0(0, 8)| = 0.013 for N, = 219). How-
ever, this noise level (indicated by error bars at several radial
locations in Figure 7b is much too large for the radial compo-
nent of the velocity to be resolved (the magnitude of which is
typically 10~* or about a tenth of the size of the fluctuations
in the radial component of the velocity).

The steady-state velocity field is stable and in qualitative
agreement with 1-D FENE calculations and 2-D calculations
for several particular cases of the Giesekus fluid (Beris et al.,
1984, 1986). Velocity overshoot is clearly observable. In par-
ticular the change from convex to concave in the azimuthal
velocity profile at steady state as 6 varies between 0 and =
(mainly a consequence of mass conservation as the effective
cross section of the gap increases from 8 =0 and 9 =) is
accurately captured. A sigmoidal profile at 6 = = appears af-

0.0

0.4}
@ a)
s
-0.6}
t=[75,10.]
08 t=3.0
e t=25 (FENE-P)
t=25 (FENE)
/ t=20
-1.0 L 1
0.0 0.2 04 £ 0.6 0.8 1.0
0.02¢ 4
R Y el oL 0 2N UG Sk, T Siodes SN
N | b ]l b
002f 1Tk Lo ]
0.0 0.2 0.4 0.6 0.8 1.0
&
Figure 8. Same at 6 = 7.
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Figure 9. Azimuthal profiles of (a) azimuthal and of (b)
radial velocities at £ =0.7.

ter the maximum in velocity overshoot is reached. At very
short times, unphysical (vp(£,8) > 0) azimuthal velocities at
small ¢ appear in both runs (e.g., profile at ¢ = 0.05 in Fig-
ures 7 and 8). They are primarily due to the singularity caused
by the impulsive start of the inner cylinder at =0 and are
an artifact of the finite-element technique (which does not
use upwinding). Additionally, the maximum in Figure 9 ap-
pears to be centered about 6 =0, although the high noise
level makes it impossible to discern any shift of the maximum
of the expected magnitude away from 6 =0 (Beris et al.,
1984).

The dashed regions in Figures 7 and § indicate the range
of fluctuation of the velocity profiles at steady state. While
this accuracy can be considered satisfactory for the azimuthal
velocity, the intensity of the fluctuations would preclude the
observation of possible instabilities as the elasticity of the flow
is increased. Such instabilities were observed by Beris et al.
(1984) as regular wiggles in the radial velocity profiles with a
typical relative amplitude of 10 . Achieving this level of res-
olution in CONNFFESSIT without resorting to variance re-
duction methods calls for ensemble sizes three to four orders
of magnitude larger, well beyond the reach of present-day
computers.

The dashed line in Figures 7a and 8a indicates the velocity
profiles for the equivalent FENE-P calculation at the time at
which the maximum overshoot for the FENE fluid occurs (the
calculations were equivalent in the sense that all physical pa-
rameters were kept at the same values except for n;,’, which
was corrected by (b +3)Ab +5)). CONNFFESSIT can clearly
show the difference between FENE and the more sluggish
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and oscillatory FENE-P response in the azimuthal velocity.
Differences in the radial component lie below the stochastic
noise threshold (one cannot expect CONNFFESSIT to be
able to resolve such differences, since they will be of a smaller
order of magnitude than the radial velocity, which is already
well below the level of stochastic noise).

A further comparison of FENE and FENE-P fluids was
performed in a series of calculations at the same values of
eccentricity (e = 0.1) and gap (u = 0.1). Again mesh M4 and
a global ensemble of N,=2'" dumbbells were used in all
cases. Figures 10 and 11 show the transient behavior of veloc-
ity and stress for the FENE and FENE-P models for b= 50,
A=3, a=01, 71+ =01, p=1,000, R;=0.1, and R, =
0.01 (which correspond to a Reynolds number of 1). Integra-
tion time steps of Az =0.01 and 0.001 were used for FENE
and FENE-P, respectively, in the CONNFFESSIT calcula-
tion. As an independent check we have included a FENE-P
calculation performed with the FENE-P constitutive equa-
tion as implemented in a continuum-mechanical finite-ele-
ment code (Halin et al., 1996; Purnode, 1996) using adaptive
step-size. Continuum-mechanical and CONNFFESSIT calcu-
lations for the FENE-P fluid are consistent within error bars.
The FENE-P model leads to a slower and more oscillatory
behavior both in velocity and stress, in agreement with previ-
ous observations (Laso and Ottinger, 1993a; Herrchen and
Ottinger, 1996). While the steady-state velocity is the same
for both models within error bars, pronounced deviations in
the stress are evident during the transient and at steady state
(which sets in after a time roughly twice as long as the time
required for the velocity to reach steady state).

Convergence with Mesh Refinement and
Ensemble Size

To investigate the behavior of CONNFFESSIT with mesh
refinement, the same flow problem for the FENE fluid was
solved using meshes M1 through M4 (Table 1), keeping the
size of the global ensemble (N,) constant for all meshes. Fig-
ure 12 shows the azimuthal velocity profiles at 6 = 0; arrows
indicate in which direction the velocity profile progresses and
dashed lines correspond to overshooting velocity profiles.
Curves at t =10 are, within error bars, at steady state. For
meshes M1 through M4, the behavior on mesh refinement is
stable and the solutions are consistent within statistical noise.

Although it is conceivable that further mesh refinement
could lead to erratic behavior, the stability found for meshes
M1 through M4 (in spite of the inherently noisy calculation
of the stresses) is encouraging. On the other hand, it is im-
portant to realize that the onset of instabilities with mesh
refinement observed in traditional flow calculations is marked
by the appearance of small wiggles in the velocity profiles,
possibly with a periodicity commensurate with grid spacing.
The magnitude of these wiggles is well below the size of the
error bars in the CONNFFESSIT calculation.

In Figure 13, the statistical error for the 2-D results is dis-
played as a function of the size of the global ensemble (N, =
8,192, 32,768, and 65,536). A typical measure for the statisti-
cal error was obtained as the standard deviation of the az-
imuthal velocity at an arbitrarily chosen node (node number
10 at 8 =0, £ =0.6) of mesh M1 at steady state computed
from 25 different runs at each ensemble size. The filled cir-
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Figure 10. Temporal evolution of azimuthal velocity at
£=0.25, =0 for FENE (noisy solid line),
CONNFFESSIT FENE-P (noisy dashed line),
and constitutive equation FENE-P (smooth
solid line).

cles represent the magnitude of the velocity fluctuation (one
standard deviation) and the error bars the uncertainty in this
fluctuation. The line represents the best-fit straight line
(weighted least squares), the slope of which in this log-log
plot is ~0.47 +0.02. Although there is no a-priori reason for
this to be so, the Ng_o'5 dependence is very approximately
obeyed for the velocity; the same qualitative dependence on
N, was observed at other locations.

Parallelization of the Molecular Simulations

In order to illustrate the suitability of CONNFFESSIT
for parallelization, a distributed memory computer (DMC)
was chosen for the parallel implementation of a 2-D
CONNFFESSIT calculation. The parallelization effort was

0.2

0.1

Tors Trr = Tog

Figure 11. Temporal evolution of stresses at £=0.25,
0 =0 for FENE (noisy solid line), CON-
NFFESSIT FENE-P (noisy dashed line), and
constitutive equation (smooth solid line).
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Figure 12. Effect of mesh refinement on radial profile of
azimuthal velocity at §=0; A=3, N,=2" for
M1, M2, M3, and M4, and € =0.1, u=0.1, b
=50, a« =0.1, p=1 in all cases.

Arrows indicate direction of advancement of velocity pro-
file. Solid lines correspond to advancing profiles before
maximum-velocity overshoot; dashed lines correspond to
receding profiles after maximum-velocity overshoot.

concentrated on the molecular (micro) part. No attempt to
parallelize the macro routines was made. Parallelization was
performed in regard to the element.

The platform selected for the parallel implementation of
the 2-D CONNFFESSIT was a Cenju-3 of the Nippon Elec-
tric Company (NEC) installed at the Centro Svizzero di Cal-
colo Scientifico (CSCS). It features 128 nodes with 8 GB of
distributed memory and an aggregate peak performance of
6.4 gigaflops. Each of the CPUs is a MIPS-compatible 64-bit
VR4400SC RISC processor clocked at 75 MHz and compris-
ing 64 MB main memory, 32 kB of primary cache mounted
on chip, and 1 MB of secondary cache. They communicate
via a packet-switched multistage interconnection network
composed of 4X4 crossbar switches. The Cenju-3 is hosted
by one NEC EWS4800, VR4400SC-based Unix workstation,

1
—
e
oS o1} :
K slope -0.47
E
0.01
1000 10000 100000
Ng

Figure 13. Dependence of the statistical error (one
standard deviation) in the velocity on the size
of the global ensemble N, for a fixed mesh
(M1) at steady state.

The error bars indicate the uncertainty in the estimated
standard deviations; u=0.1, e=0.1, a = 0.1, p=1.
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read in mesh, boundary conditions,
number of molecules, etc.

compute all auxiliary information,
including element areas
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s0 that the number of molecules is the
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Figure 14. Parallelization scheme.

which is used to log onto the system, to compile and link
programs, and to control their execution on partitions of the
massively parallel system. Details on the Cenju-3 architecture
can be found in Clemengon et al. (1994) and Muramatsu et
al. (1995). For parallel programming, a subset of the Mes-

sage-Passing Interface MPI (MPI Forum, 1994) was used.
Additionally, the library PARALIB/CJ from NEC, which al-
tows direct control of transfer between nodes as well as the
execution of remote procedure calls, was also available for
message passing.
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The basic parallelization scheme is presented in Figure 14.
The only remaining nonparalie! tasks after initialization are
those associated with updating the indirect addressing and
pointer arrays. Nonparallel tasks are assigned to a single node
(or possibly to the host or front-end computer). The remain-
ing nodes are effectively idle during the execution of such
tasks. In general this idle time does reduce speedup and effi-
ciency. However, the three single-node tasks in Figure 14
consume only a small fraction of the total time, and therefore
do not appreciably affect overall performance unless the
number of nodes is very large.

The remaining single-node task (velocity update) can take
up a very significant share of the total wall-clock time. Paral-
lelization of the finite-element (macro) computation is a must
for good overall performance. For large 2-D or 3-D prob-
lems, the effort to be spent in macrocomputations cannot be
neglected. Their parallelization is a requirement for good
overall performance. Even if the time spent in macrocompu-
tations is as low as 10% of the total on a serial computer, its

relative importance starts being appreciable when the micro-
computations (consuming 90% of the time on a serial com-
puter) are split among more than O(10) nodes.

While the nonshared tasks could actually be split among
several nodes (like the update of the indirect addressing and
pointer arrays) by turning to parallel-sorting algorithms (AKI,
1985; Lakshmivarahan et al,, 1984), the time consumed by
these tasks is comparable to the execution time plus commu-
nication overhead of typical parallel schemes for the same
task. Thus, complete parallelization of the macrocalculation
is not an absolute requirement. It is increasingly less essential
the more complicated the microscopic model for the fluid is.

The performance of the parallelization molecular simula-
tions is summarized in Figure 15, which reports calculation
times and speedup for eight different hardware configura-
tions with up to 128 nodes. Since only the microcalculations
were parallelized, the time spent in the serial finite-element
computations is not considered.

Both speedup and efficiency are more than reasonable up
to about 16 nodes. A performance analysis showed that two
main factors contribute to the decrease in efficiency as the
number of nodes increases: first and foremost, as the compu-
tation is split among a growing number of nodes, the granu-
larity of individual tasks becomes greater with respect to
communmnication overhead, which grows with the increasing
number of nodes; second, the increase in the number of nodes
leads to undesirable wait times in calls to synchronization
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o o ©
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Figure 15. Speedup and efficiency as a function of

number of computational nodes.
Mesh M4; 21° particles; 500 time steps.

890 April 1997 Vol. 43, No. 4

routines (like MPI_BARRIER); in essence, a single stray
node can effectively produce a serious deterioration of per-
formance.

It is nevertheless remarkable that even for as many as 128
nodes, the efficiency is a sizable 40%, in spite of the rela-
tively simple coding and the asbsence of any load-balancing
scheme. In view of the simplicity of the micromodel (nonin-
teracting FENE or FENE-P dumbbells), these efficiency fig-
ures are very encouraging. For more complicated molecular
models, where the computational nodes spend a proportion-
ally larger fraction of the total time performing the microcal-
culation, efficiency will be higher. It is also evident that an
automatic load-balancing scheme will improve performance:
the somewhat jagged aspect of the curve in Figure 15 is partly
due to the fact that the number of elements to be distributed
among the nodes is not an exact multiple of the number of
nodes.

Conclusions

Two-dimensional, time-dependent CONNFFESSIT calcu-
lations for the FENE fluid in the journal-bearing geometry
have been presented. A number of comparisons with analyti-
cal solutions and with continuum-mechanical finite-element
calculations show that CONNFFESSIT is (within error bars)
a consistent stochastic counterpart of continuum-mechanical
approaches. CONNFFESSIT is a viable method for the cal-
culation of viscoelastic flows in complex geometries for
molecular models for which no closed-form constitutive
equation can be derived. In addition, it can handle effects
such as polydispersity, chemical reaction during flow, poly-
mer migration and diffusion, and so forth.

The use of an array sorted with regard to the elements, for
the dumbbell indices together with indirect addressing by
means of pointer arrays makes it possible to vectorize all ma-
nipulations at the molecule level, leading to a performance
well in excess of 50% the theoretical peak. As far as paral-
lelization is concerned, the use of indirect addressing and
pointing arrays makes elementwise parallelization feasible
and efficient. Efficiencies above 40% for 128 nodes can be
obtained with relatively unsophisticated parallelization: it is
possible to speed up the microcalculation by a factor of 50
using 128 nodes on a commercial platform. The paralleliza-
tion and vectorization strategies presented are independent
of each other; CONNFFESSIT calculations will greatly profit
from the coming generation of parallel-vector machines.

In view of the noise level typical of CONNFFESSIT caicu-
lations, the implementation of variance reduction techniques
is of paramount importance (Melchior and Ottinger, 1996).
Such a technique based on Brownian configuration fields has
been proposed very recently (Hulsen et al., 1996). This inge-
nious method is based on the idea of convecting Brownian
fields. While being entirely equivalent to CONNFFESSIT, it
incorporates an extremely efficient form of variance reduc-
tion (for a given computational effort the error bars can be
reduced by up to two orders of magnitude). Furthermore, it
allows high local spatial resolution. These two features make
it vastly superior to the method described in this article
whenever efficiency and low statistical noise are essential.
“First-generation” CONNFFESSIT will, however, be useful
for those tasks where knowledge of the role played by indi-
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vidual polymer molecules is relevant (very narrow geome-
tries, singularities, some types of instabilities, etc.). In this
sense, both generations of CONNFFESSIT are powerful
complementary tools for the investigation of a wide class of
flows for complex fluids.
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Notation

B() = beta function
H = spring constant, N/m
k = Boltzmann’s constant, J/K
N, = number of mesh cells or elements
N, = number of processors
n=number density, m~>
Q= dimensionless or normalized connector vector
R; = radius of inner cylinder, m
R, = radius of outer cylinder, m
r=radial coordinate, m
Sg = stress ratio
T=temperature, K
v= velocity, m/s
v, = x-component of velocity, m/s
v, = y-component of velocity, m/s
= 3-D vector of normal random deviates
6= unit tensor
8, = unit vector along the a coordinate axis
Yny= nith rate of strain tensor, s™"
#=approximated transposed velocity gradient, s !
A, = relaxation time constant of Oldroyd-B model, s
A, = retardation time constant of Oldroyd-B model, s
p= density, kg/m>
o= standard deviation
{= friction coefficient, N-s/m

Subscripts

i=time-step index or coefficient index
¢ = centroid
(n)=nth convected time derivative (codeformational derivative
using contravariant components): 4,,, ={(d/0t)4 +{v-V4}
(VoY A+ A-(Vo)} A,y =(A4(,_ 1))
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